The universal scaling of plasmon coupling in metallic nanostructures is now a well-established feature. However, if the interaction between dipolar plasmon modes has been intensively studied, this is not the case of the coupling between higher order ones. Using Mie theory extended to second harmonic generation, we investigate the coupling between quadrupolar plasmon modes in metallic nanoshells. Like in the case of dipolar plasmon modes, a universal scaling behavior is observed in agreement with the plasmon hybridization model.
I. INTRODUCTION
Metallic nanoparticles exhibit surface plasmon resonances corresponding to the collective excitation of their conduction electrons. These resonances lead to unique optical properties. The physical properties of these resonances, i.e., their energy and width, depend on the size, the shape, the morphology, or the chemical composition of the metallic nanostructure as well as their environment. 1 Strongly coupled collections of metallic nanostructures are of great interest in this context. They offer a wide range of possibilities to tailor the optical properties for specific practical applications. 2 The simplest example of plasmon coupling is the case of two nanoparticles placed very close to each other and forming a nanodimer. 3, 4 The optical properties of nanodimers are very different from those of well-separated nanoparticles and strongly depend on the distance between the two nanoparticles. [3] [4] [5] Metallic nanoshells, effectively nanostructures composed of a dielectric core inside a metallic shell, are also simple examples of nanostructures in which plasmon coupling arises. 6 In comparison with the plasmon resonances of solid nanospheres, the plasmon resonance energy of a metallic nanoshell is highly tunable and can be controlled by modifying the core dielectric constant 7, 8 or the shell thickness. 9 To describe such strongly coupled plasmonic systems, Nordlander and co-workers have introduced an analytical model that provides an intuitive picture of the coupling mechanisms in complex nanostructures. 10 In this hybridization model, the plasmon modes of complex nanostructures result from the interaction between the plasmon modes of their constituting elements. This elegant model has been successfully used to describe plasmon resonances in nanoshells, 10 concentric nanoshells, 10, 11 gold nanostars, 12 nanoparticle dimers, 13 or plasmonic oligomers. 14, 15 In parallel to the hybridization model, it has been observed that the strength of the plasmon coupling between a pair of metallic nanoparticles decreases almost exponentially with the gap of nanometer dimension divided by the nanoparticle size. 16 This universal scaling of the plasmon coupling is independent of the nanoparticle size, shape, or metal nature. [16] [17] [18] The universal scaling of the plasmon coupling has also been reported for metallic nanoshells. 19 However, contrary to the case of nanoparticle dimers, 13 the plasmonic coupling in metallic nanoshells preserves the spherical symmetry of the problem under study. For this reason, the interaction can only occur between plasmonic modes with identical symmetry properties, i.e., with the same multipolar order, resulting in pure dipole-dipole or quadrupole-quadrupole interactions, and so on for higher order modes. 10 Therefore, plasmonic nanoshells are ideal systems for the study of plasmon coupling without interaction between modes with different order. Although the interaction between dipolar plasmon modes has been extensively discussed in the litterature, 10, 11 this is not the case for higher plasmon modes such as the quadrupolar mode, for example. This lack stems, in particular, from the difficulty in observing higher plasmon modes using linear optics.
Nonlinear plasmonics, namely, the study of nonlinear optical processes in metal nanostructures, is a fast growing research field. 20 Second harmonic generation (SHG), the process whereby two photons at the fundamental frequency are converted into one photon at the second harmonic (SH) frequency, is one of the most studied nonlinear optical processes in plasmonic nanostructures. [21] [22] [23] [24] [25] [26] [27] [28] Indeed, SHG is forbidden in centrosymmetric media within the dipolar approximation. This rule therefore considerably limits the SHG efficiency in cubic metals such as gold or silver. It, however, opens new routes for the study of plasmonic systems where surfaces play a major role. As an example, SHG was recently proposed for the investigation of nanosize defects in metallic nanostructures, demonstrating a much better sensitivity than linear optical processes. 29, 30 It was further shown that SHG can also effectively increase the efficiency of plasmonic nanosensors. 31 This last property is based on the enhancement of the SHG intensity by surface plasmon resonances. SHG was also used for the characterization of the surface plasmons themselves, for instance, their dephasing time. 32 In this paper, we investigate theoretically the universal scaling of plasmon coupling in metal nanostructures, with special attention paid to higher plasmon modes. Using Mie theory for metallic nanoshells and its extension to the SHG process, 33, 34 the linear and nonlinear optical properties of plasmonic nanoshells are compared. It is emphasized, in particular, that SHG allows a straightforward observation of the quadrupolar plasmon resonance. As previously observed for the dipolar plasmon resonance, the quadrupolar plasmon resonance wavelength varies almost exponentially as the shell thickness decreases. Furthermore, the wavelength shift of the quadrupolar plasmon resonance normalized by the solid sphere quadrupolar plasmon resonance wavelength depends on the shell thickness to core radius ratio and is independent of the nanoshell diameter. These results clearly demonstrate that the coupling between the quadrupolar plasmon modes follows a universal scaling law similarly to the dipolar plasmon mode.
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II. THEORETICAL METHODS
In this work, Mie theory is used to calculate both the linear extinction and the SH scattering cross sections of perfectly spherical nanoparticles, i.e., nanoshells. 33 Mie theory extended to SHG from nanoshells is briefly described in the present paper but all calculation details can be found elsewhere. 33 The first step of the nonlinear Mie theory is to expand the fundamental electric field of the exciting plane wave on the vector spherical harmonics basis. The coefficients of the expansion are found applying the boundary conditions at both the core-shell and shell-embedding medium interfaces. Note that the incident wave is assumed to be a plane wave in the present work. The dielectric constants for gold are taken from the literature. 35 The SH nonlinear polarization standing at both interfaces is then calculated considering a pure surface contribution. Indeed, SHG is forbidden in centrosymmetric media in the dipolar approximation, while the centrosymmetry is locally broken at the interface between two centrosymmetric media allowing for SHG. Only the χ (2) ⊥⊥⊥ component is retained, where the symbol ⊥ denotes the direction normal to the interface. This tensor element is known to be the largest element of the surface susceptibility tensor in the case of metallic interfaces. For completeness, one would also need to incorporate other surface tensor elements and the bulk contribution which may turn out to be important for larger particles. 36, 37 However, the energy or wavelength of the different plasmon modes enhancement of the SHG intensity would remain identical to the one observed for the single χ (2) ⊥⊥⊥ component. The scattered SH electric field in the far field is then obtained by applying the boundary conditions at both interfaces. The total SH scattering cross section is then given by
where the A E,sca l,m (2ω) coefficients are the scattering coefficients weighting the contribution of the modes (l,m) to the total scattered wave. In this framework, the contribution of each emission mode is easily determined from the multipolar expansion. 33 As examples, the weight of the dipolar and quadrupolar modes in the SH scattered wave is calculated separately fixing l = 1 and l = 2, respectively. As a consequence, nonlinear Mie theory is perfectly suitable for the study of the coupling between higher plasmonic modes in metallic nanoshells. silica core covered with a gold nanoshell with a shell thickness t = 20 nm. The bulk dielectric constants of gold have been taken from experimental data. 35 The impact of the shell thickness on the gold dielectric constant, namely, the increased electron scattering at the shell boundaries, is taken into account although this correction barely modifies the plasmon resonance energy. 38 The extinction spectrum can be taken as the superposition of the first two contributing modes: the l = 1 dipolar and the l = 2 quadrupolar modes. The extinction spectrum thus possesses two resonances: a broad dipolar resonance close to 600 nm and a quadrupolar resonance close to 550 nm [see Fig. 1(a) ]. Within the hybridization framework, the observed dipolar (respectively, quadrupolar) resonance corresponds to the symmetric coupling between the original dipolar (respectively, quadrupolar) plasmon modes of the gold sphere and that of the gold nanocavity, the two forming the nanoshell. The antisymmetric coupled plasmon modes do not contribute to the extinction spectrum since they weakly interact with an incident plane wave. For this reason, these modes are often referred to as optical dark modes. The mode resonances of the antisymmetric coupled plasmon modes occur at higher energies (i.e., shorter wavelengths) than that of the original uncoupled plasmon modes and the resonances of the symmetric coupled plasmon modes occur at lower energy (i.e., longer wavelengths) than that of the original uncoupled plasmon modes. 10 Furthermore, the shell thickness has a great impact on these plasmon modes. Indeed, the coupling strength between the original sphere and the core plasmon modes dramatically depends on this geometric parameter: 10 the larger the shell thickness, the smaller the coupling between the original plasmon modes. As the coupling between the original plasmon modes increases, the mode energy of the antisymmetric coupled plasmon modes increases (i.e., the mode is blueshifted) and the mode energy of the symmetric coupled modes decreases (i.e., the mode is redshifted). Figure 1(b) shows the extinction cross section calculated for a 100 nm diameter solid sphere and for a 100 nm diameter silica core-gold shell nanoparticle with different shell thicknesses (t = 6, 10, and 20 nm). All spectra are dominated by the dipolar plasmon resonance which shifts from λ 0 = 570 nm for the solid sphere to 832 nm for a 6 nm shell thickness. The quadrupolar resonance is observed for shell thicknesses t below or equal to 10 nm but its amplitude in this case is much smaller than the amplitude of the dipolar plasmon resonance. Higher plasmon resonances have been experimentally observed in the case of nanoshells, though for very high shell thicknesses to outer diameter ratios, i.e., strong plasmon coupling. 6, 39 The quadrupolar resonance observed in the extinction spectrum of the 100 nm diameter silica core-gold shell nanoparticle with a shell thickness t = 6 nm corresponds to an enhancement of the absorption cross section and therefore cannot be observed with dark-field microscopy, for instance, where only scattering is involved. This feature emphasizes why linear optics is not well suited for the characterization of higher order plasmon modes. Hence, SHG was recently proposed as an interesting alternative to linear optics for the monitoring of higher plasmonic modes. 31 The SH quadrupolar emission from spherical metallic nanoparticles has indeed been observed at the single nanoparticle level. 28, 29 Furthermore, polarization resolved hyper-Rayleigh scattering has been shown to allow for a straightforward separation between even and odd mode contributions to the SH scattered wave. 40, 41 
III. RESULTS AND DISCUSSION
A. Linear optical properties of gold nanoshells
B. Second harmonic generation from gold nanoshells
By using Mie theory extended to the SHG to describe plasmonic nanoshells, 33 ,34 the SH scattering cross section was calculated for a 100 nm diameter silica core-gold shell nanoparticle with a t = 20 nm shell thickness and the contributions of the SH dipolar (l = 1) and quadrupolar (l = 2) emission modes were easily separated [see Fig. 2(a) ]. The corresponding extinction spectrum is shown in Fig. 1(a) . The SHG spectrum reveals four surface plasmon resonances corresponding to the enhancement of the SH dipolar emission mode, the SH quadrupolar emission mode, or to the enhancement of both emission modes. As discussed by Dadap et al. in his seminal work, 42 the most efficient mechanism leading to the SH dipolar emission mode from spherical nanostructures is the E 1 + E 2 → E 1 mechanism where the terms on the left side of the arrow refer to the nature of the nanosphere interaction with the fundamental wave and the term on the right side describes the SH emission mode. Hence, this notation describes here a dipolar emission (E 1 ) driven by the combination of an electric dipole (E 1 ) and an electric quadrupole (E 2 ) excitation at the fundamental wavelength. The pure dipolar mode E 1 + E 1 → E 1 mechanism is here forbidden since nanoshells are centrosymmetric spherical nano-objects. The SH dipolar emission indeed needs retardation in the electromagnetic excitation at the fundamental frequency, a requirement fulfilled through the quadrupolar mode in the lowest order approximation. On the contrary, the quadrupolar SH emission mode can be excited without retardation at the fundamental frequency and arises from the E 1 + E 1 → E 2 mechanism. The resonances labeled 3 and 4 in Fig. 2(a) are the symmetric quadrupolar and the symmetric dipolar plasmon resonances, respectively. 33 In this case, only the emission mode with symmetry properties identical to the surface plasmon resonance is enhanced, e.g., only the SH dipolar (respectively, quadrupolar) emission mode is enhanced when the SH frequency is tuned close to the symmetric dipolar (respectively, quadrupolar) surface plasmon resonance. Both the dipolar and the quadrupolar emission modes are enhanced at resonances 1 and 2. In the latter cases, the fundamental wavelength is tuned close to the dipolar and quadrupolar resonances and both emission modes take advantage of the enhanced electric field at the fundamental frequency.
As previously discussed, SHG from metallic nanoshells is enhanced by surface plasmon resonances, the energy of which depends on the shell thickness. 10, 43 Figure 2(b) shows the SH cross section calculated for a 100 nm diameter gold solid sphere and a 100 nm diameter silica core-gold shell nanoparticle in a water background (n = 1.33) with different shell thicknesses (t = 6, 10, and 20 nm). Like in the linear extinction spectra, all the resonances are redshifted as the shell thickness decreases. Furthermore, the maximum of the resonance labeled 3 (respectively, 4) occurs at a wavelength exactly twice the wavelength at which occurs the resonances labeled 1 (respectively, 2). This result is expected and underlines the robustness of our computations. Furthermore, this result unambiguously demonstrates that SHG is suitable for the investigation of the universal scaling law of plasmon coupling in metal nanostructures. In the following, we will only consider the case of the SHG enhancement by surface plasmon resonances at the SH wavelength. This configuration is often experimentally preferred in order to prevent any nanostructure damages. Moreover, the role played by each plasmon resonance is well defined since only the SH dipolar (respectively, quadrupolar) emission mode is enhanced by the dipolar (respectively, quadrupolar) plasmon resonance. 33, 42 
C. Impact of the diameter and shell thickness
Computations were performed for different outer diameters (d = 60, 80, 100, and 120 nm). The wavelength maximum of the SH dipolar (respectively, quadrupolar) emission modes are shown as a function of the shell thickness t in Fig. 3(a) [respectively, Fig. 3(b) ]. For both emission modes and for all diameters, almost single exponential decays are observed as a function of the shell thickness. The data were fitted with the equation y = y 0 + α exp(−t/β), where y 0 , α, and β are three free parameters. 19 For the SH dipolar emission mode, the best agreement is found for β = 4.11 ± 0.20 nm, 4.75 ± 0.23 nm, 5.49 ± 0.26 nm, and 5.77 ± 0.39 nm for the respective nanoshell diameters d = 60, 80, 100, and 120 nm. These values are in agreement with those reported by Jain et al. for the dipolar plasmon resonance. 15 In the case of the SH quadrupolar emission mode, the best agreement is found for β = 3.39 ± 0.08 nm, 4.09 ± 0.17 nm, 4.52 ± 0.21 nm, and 4.99 ± 0.25 nm for the respective nanoshell diameters d = 60, 80, 100, and 120 nm. For all diameters, the value of β is smaller for the SH quadrupolar emission mode than for the SH dipolar emission mode. This behavior is well explained by the hybridization model introduced by Prodan et al. 10, 43 The nanoshell plasmon modes arise from the coupling of the original cavity plasmon modes with the sphere plasmon modes. 10 Furthermore, only plasmon modes with identical symmetry properties effectively interact. 43 For example, the dipolar (respectively, quadrupolar) nanocavity plasmon mode effectively interacts with the dipolar (respectively, quadrupolar) nanosphere plasmon mode. Using an incompressible fluid model for the description of the conduction electron displacement, it was also shown that the strength of the plasmon coupling in metallic nanoshells is proportional to the quantity x l+1/2 , where x is the aspect ratio of the shell (the inner radius divided by the outer radius) and l is the plasmon mode order. 43 Since the plasmon coupling strength depends on the mode order, different values of β are expected for the SH dipolar and quadrupolar emission modes. Furthermore, the hybridization model predicts that, for a given x ratio, the plasmon coupling strength decreases with the increasing plasmon mode order. 43 For this reason, the impact of the shell thickness on the plasmon resonance energy is larger for the dipolar mode than for the quadrupolar mode, explaining the higher value of β for the SH dipolar emission mode.
D. Universal scaling of plasmon coupling
To proceed with the determination of the universal scaling of plasmon coupling between higher plasmon modes, the fractional shift λ/λ 0 of the SH dipolar and quadrupolar emission modes of a silica core-gold shell nanoparticle in water with respect to that of a solid gold nanosphere were plotted as a function of the shell thickness to the core radius ratio t/R for four different diameters in Fig. 4 . For both the dipolar and the quadrupolar modes, almost exponential decays are observed. Both curves were fitted with the equation y = α exp(−t/γ R). 19 For the SH dipolar mode, the best agreement is obtained for γ = 0.159 ± 0.008. This value matches well that reported for the dipolar plasmon resonance monitored with linear optics. 19 The value obtained for the SH quadrupolar emission mode is smaller with a value of γ = 0.125 ± 0.007. These results confirm that the coupling between higher order plasmon resonances follows a universal scaling behavior as was previously demonstrated for dipolar plasmon resonances. Furthermore, these results confirm that the plasmon coupling is the wavelength shift of the nanoshell SH quadrupolar emission mode from the solid sphere SH quadrupolar emission mode. Equation (2) slightly differs from the one reported by Jain et al., which is λ dip /λ dip 0 = 0.97 exp(−t/0.18R). 19 Interestingly, the impact of the shell thickness on the gold dielectric constant is taken into account in the present work, whereas this was not the case in Ref. 19 . Equations (2) and (3) allow for the determination of the SH dipolar and quadrupolar emission mode wavelengths which correspond to the symmetric dipolar and quadrupolar plasmon resonance modes. These results emphasize that plasmon scaling laws can indeed be derived for higher order plasmon modes, and in the case of the quadrupolar one, SHG is an adequate tool to observe it.
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IV. CONCLUSION
In summary, the universal scaling of plasmon coupling in metal nanostructures has been theoretically investigated using SHG with particular attention paid to higher order plasmon modes, beyond the dipolar case. As previously observed for the dipolar plasmon resonance, the quadrupolar plasmon resonance wavelength is found to vary exponentially with the shell thickness. Remarkably, the wavelength shift of the quadrupolar plasmon resonance scaled by the solid sphere quadrupolar plasmon resonance wavelength depends on the ratio of the shell thickness to the core radius and is independent of the nanoshell diameter. These results show, in the specific case of the quadrupolar mode, that the coupling between higher order plasmon modes also follows a universal scaling law similarly to that of dipolar plasmon modes. This work paves the way for the design of efficient nonlinear plasmonic nanorulers based on higher order plasmon modes.
